A Probabilistic Variant of Projection Temporal Logic 
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Abstract 

In this paper, we propose Probabilistic discrete-time 
Projection Temporal Logic (PrPTL), which extends 
Projection Temporal Logic (PTL) with probability. To 
this end, some useful formulas are derived and some 
logic laws are given. Further, we define Time Nor- 
mal Form (TNF) for PrPTL as the standard form and 
prove that any PrPTL formulas can be rewritten to 
TNF. According to the TNF, we construct the time nor- 
mal form graph which can be used for the probabilistic 
model checking on PrPTL. 

Keywords: projection temporal logic; probabilistic 
model checking; verification; normal form 



1 Introduction 



and projection operators in PTL are equivalent to the 
full w-regular languages. To investigate the probabilis- 
tic model checking based on PTL, we propose PrPTL 
that can be used to specify quantitative linear-time 
properties. Further, we give the logic laws and derived 
formulas and prove that any PrPTL formulas can be 
reduced to a standard form called time normal form 
(TNF). In addition, according to the TNF, the model 
of PrPTL can be constructed, which is a basis for prob- 
abilistic model checking on PrPTL. 

2 Projection Temporal Logic 

Let AP be a finite set of atomic propositions. Propo- 
sitional PTL formulas over AP can be defined as fol- 
lows: 



In real-life systems, there are many phenomena that 
can be modeled by considering their stochastic charac- 
teristics. For this purpose, probabilistic model check- 
^> , ing is proposed as a formal verification technique for 
5_i 1 the analysis of stochastic systems. The probabilistic 
model checking problem is to compute the probabil- 
ity for the set of paths in the model that satisfy a 
given property, which is based on quantitative logics 
and quantitative systems [5J. Properties to be anal- 
ysed by probabilistic model checking can be formalized 
in some quantitative temporal logics such as proba- 
bilistic computation tree logic (PCTL) [T] and continu- 
ous stochastic logic (CSL) [2J. This paper investigates 
a new quantitative temporal logic, called Probabilis- 
tic discrete-time Projection Temporal Logic (PrPTL), 
which extends projection temporal logic (PTL) O |4j [5] 
with probability and discrete time. 

Linear-time property is a set of infinite paths. We 
can use linear-time temporal logic (LTL) to express a 
subset of w-regular properties. However, PTL can spec- 
ify more linear-time properties since the chop star (*) 



Q ::= vr | -iQ | OQ | Q 1 A Q 2 \ (Qi, ■ ■ ■ ,Qm) prj Q 

where n £ AP, Q,Q\, . . . , Q n are prepositional PTL 
formulas, O (next) and prj (projection) are basic tem- 
poral operators. A formula is called a state formula if 
it does not contain any temporal operators, i.e., next 
(0)> projection (prj ); otherwise it is a temporal for- 
mula. 

An interval a = (so, s\, . . .) is a non-empty sequence 
of states, where s$ (i > 0) is a state mapping from AP 
to B — {true, false}. The length, |er|, of a is oj if a is 
infinite, and the number of states minus 1 if a is finite. 

Let Ao denote non- negative integers. An inter- 
pretation for a prepositional PTL formula is a tuple 
I = (a,i,j), where er is an interval, i is an integer, 
and j is an integer or lu such that i < j (i,j £ N ). 
Intuitively, (a, i,j) means that a formula is interpreted 
over a subinterval Gu,.,,j) ■ The satisfaction relation (|=) 
between interpretation I and formula Q is inductively 
defined as follows. 

1. T |= 7r iff Sfc[7r] = true 
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2. 1\= -iQ iff Q 

3. 1 h Qi A Q 2 iff 1 h Qi and X \= Q 2 

4. 1 \= OQ iff k < j and (a, i,k + l,j)\=Q 



5. X \= (Qi, . . . ,Q m ) prj Q iff there are k = ro < 
7'i < ... < r m < j such that (cr, i,ro,r±) |= 
Qi and (cr, n_i, rj-i, r/) |= for all 1 < Z < 
m and (cr', 0, 0, |cr'|) |= Q for cr' given by : 
(a) r m < j and cr' = a J. (r , . . . ,r m ) ■ <7(r m +i,..,j) 
(&) JVi = j and cr' = cr \. (ro, . . . , Vh) for some < 
h < to. 



3 A Probabilistic Variant for PTL 

Probabilistic discrete-time Projection Temporal 
Logic (PrPTL) is a quantitative variant of PTL. Based 
on the projection operator (QI, . . . , Q m ) V r i Qi we can 
define the sequential operator P ; Q as 

P ; Q d = (P, Q) pfj irae 

which means that P holds from now until some point in 
future and from that time point Q holds. For simplic- 
ity, we will employ sequential operator P ; Q instead 
of the projection operator to define PrPTL. 

3.1 Syntax and Semantics 

Definition 1 The formulas in PrPTL are inductively 
defined as follows. 

P ::= 7T | -nP I Pi A P 2 | [tl ' t2l P | Pil [tlM P 2 
1> ■■= [P]< P 

where tt is an atomic proposition, Q> an d \ are temporal 
operators, p £ [0,1] is a probability, <G {<,<,>,>}, 
t\ < t 2 G N u (N u = Nq U u) denotes time. 

1. (a,i, \cr\) |=7T iff a(i) \= it 

2. (a,i,\a\) \=^P iff (a,i,\a\) \£ P 

3. (a,i,\a\) h Pi A P 2 iff (a,i,\a\) h 
Pi and (a,i,\a\) \= P 2 

4. (<7,i,H) h [tl ' t2] P 3/,ii</<t 2) i + /< 
j, such that (cr, i + I, |cr|) |= P 

5. (<7,i,|cr|) h Pi; [tl ' t2l P 2 3 r < 
| cr | such that (cr, i, r) |= Pi and 3 Z, ti < Z < i 2 , r+ 
Z < |cr] such that (cr,r + Z, |er|) |= P 2 

6. (<7,i,H) h V» iff Pro6(cr (i .. M) ,P) <p 



def 

As usual, true = P V -P. If there is an interpreta- 
tion I such that I |= P then a formula P is satisfiable. 
We also define the satisfaction relation for an interval cr 
and formula P, by stating that cr |= P if (cr, 0, |cr|) |= P. 
Furthermore, we denote |= P if a |= P, for all intervals 
a. 

For ti = t 2 = t, we abbreviate [t,t] as [t]. Particu- 
larly, when h=t 2 = 0, O [0] P denotes P and Pi;[°lP 2 
denotes Pi ; P 2 . Except the projection operator, all the 
basic formulas in propositional PTL can be defined in 
PrPTL. 
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Definition 2 Two formulas, P and Q, are equivalent, 
denoted P = Q, if\= D(P O Q). 

Compared with the probabilistic computation tree 
logic (PCTL) pQ, our logic can express more quan- 
titative properties. Let p and q be atomic proposi- 
tions. Note that p U- 3 q in PCTL can be defined as 
q V (n^ 2 p ; O <l) in PrPTL. 

3.2 Time Normal Form 

We now give a standard form, called Time normal 
form, for PrPTL. 

Definition 3 Let P be a PrPTL formula. Time nor- 
mal form (TNF) of P can be defined as 

k h 

P=(\JP ei Ae)V( \J P Cj AO [tlM Pf 3 ) 

where k + h > 1, t 2 > t± > 1, P ei and P Cj . are irwe or 
atomic propositions. 

k h 

For convenience, we abbreviate V and V as \J . 

i=l j = l 

Thus, TNF can be written as P = (\J P e Ae)V (V P c A 

[tl,t2l P/)- 
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Lemma 1 Let P, Q and R be PrPTL formulas and w 
a state formula. The following laws hold: 

(Li) op-^-^q ee O0P; [tl '* 2l Q) 

(L2) e; [*i.*2]p ee O 1 * 1 '* 21 ^ 

(L3) (wAP);!' 1 ''^ = fflAfP;!'"'^) 
(14) [ *^ t2l ^A (Q VP) ee (0 [fl ^ 2, PAQ)V 

(0 [il ' t2] PAiJ) 
(L5) P^-^QVP) ee (P;^MQ) v (P;!' 1 -' 2 ^) 

Definition 4 ,4 Time Normal Form P ee (V P e A e) V 

(V-Pj A [tl '* 2l -Pj) /or a PrPTL formula P is called 
Complete Time Normal Form (CTNF) if 

\J P ee trwe and \J (P% APj) = ,/a/se 

Theorem 2 Tor any formula P in TNF, it can be 
rewritten into CTNF. 

Theorem 3 For any PrPTL formula P there is a 
PrPTL formula Q in TNF such that 

P = Q 

Example 1 Let P, Q and R be atomic propositions. 
The time normal form for formulas P and P ; O' 3,4 ' Q 
are reduced as follows. 

1. TNF of P: 

P ee P A true = PA(\f O n e) = P A O^e 

n=0 

2. TNF of P ; [M Q: 

P;0 [3 < 41 Q 
ee ((P A s) V {P A Otrue)); [3A] Q 
ee ((P A e); [M Q) V ((P A Qbrue); [M Q) 
= (PA [M Q) V (P A 0(true; [M Q)) 

3.3 Time Normal Form Graph 

It is proved that any PrPTL formula P can be 
rewritten into TNF. Based on TNF, we now construct 
a model called Time Normal Form Graph (TNFG) for 
PrPTL. Tuple (Q, T) denotes that holding formula Q 
for time T. When T = 0, we often omit the time, and 
write (Q, 0) as Q. 

Definition 5 For PrPTL formula P, let V(P) be a 
set of nodes and E(P) be a set of edges. Graph G = 
(V(P), E(P)) is defined as follows. 

• Pe V(P); 



• For all (Q,T) e V(P), if Q = ( V Qei A 

i=l 

e) V (V/ Qcj A [tl,t2l Qj), then e G V(P), 
j'=i 

((Q,T),Q ei ,e) e P(P) for each z, 1 < i < k; 
(Qj,[h-l,t2-l])eV(P), ((Q, T), Q c j, (Qj, [ti — 
l,t 2 - 1]) S E(P) for each j, 1 < j < h. 

Definition 6 TNFG of P is a directed graph G' = 
(G, P), where P: E(P) -> [0, 1] is a probability. 

Example 2 Let P and Q be atomic propositions. 
TNFG of formulas P, P ; [4 ' 5] Q and [P] =0 . 5 are 
shown as follows. 



P;O l4 ' 5] <3: 
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Figure 1. Examples of TNFG. 



4 Conclusion 

This paper presents a probabilistic variant of pro- 
jection temporal logic, PrPTL. The time normal form 
is defined and some logic laws are given. Then TNFG 
for capturing the models of PrPTL formulas is con- 
structed. In the near future, we will extend the existing 
model checker for propositional PTL with probability, 
and according to the TNFG proposed in this paper to 
verify the quantitative linear-time properties in proba- 
bilistic systems. 
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